Abstract. In this paper, we define, motivated by recent works of Chang and Skoug, stochastic integrals for a generalized Brownian motion (gBm) X and then use it to study the representation problem on the linear space H(X) spanned by X. We next establish a translation theorem for L p -functionals of X, p ≥ 1, and then use this translation to establish an integration by parts formula for L p -functionals of X.
Introduction
Such a process X = (X t , t ∈ [0, T ]) will be referred to as the generalized Brownian motion (gBm) determined by the mean function a(t) and the variance function b(t). We will write the space (C 0 Let X = (X t , t ∈ [0, T ]) be a gBm determined by a(t) and b(t). Then we note that X is an L 2 -process and
. There are two Hilbert spaces associated to the gBm X. The one is the nonlinear space of X, 
, resp.) denote the nonlinear (linear, resp.) space ofX.
The authors in [4] , [5] used a gBm to define a generalized analytic Feynman integral and a generalized analytic Fourier-Feynman transform and then studied the first variations and the integration by parts formula involving these integrals and transforms. Motivated by these recent works ( [4] , [5] ), in this paper we introduce a stochastic integral for the gBm X for which the space of the integrands is wider than the one for the stochastic integrals defined in [4] , and then use it to study the representation problem on the linear space H(X). We next establish a translation theorem for L p -functionals, p ≥ 1, which is proved by using a different method from the one given in [3] , [5] and then use this translation theorem to establish an integration by parts formula for L p -functionals of X with p ≥ 1. The organization of this paper is as follows. In Section 2, we introduce the function Hilbert space L
, which is our choice of function Hilbert spaces to represent the linear space H(X). In Section 3, we establish a translation theorem for L p -functionals, p ≥ 1. In Section 4, we use the translation theorem obtained in Section 3 to establish an integration by parts formula for the functionals in L p (X), p ≥ 1.
Stochastic integration for gBm
In this section we introduce the function Hilbert space L 
This assumption is slightly milder than the one given in [4] .
Let
equipped with an inner product
equipped with an inner product 
Clearly S is a linear dense subspace of L 1,2 a,b [0, T ] and for all f, g ∈ S, we have the following identity: 
Proposition 2.2. Let X be a gBm determined by a(t) and b(t). Then
Proof. Let θ : S → H(X) be the mapping defined as above. Then θ( 
Theorem 2.3. Let X be a gBm determined by a(t) and b(t).
and α, β ∈ R, the stochastic integral θ satisfies the following:
} is a Gaussian system of random variables.
Proof. The proof of (1)-(4) has been done in Proposition 2.2. 
Translation theorem for L p -functionals
Let D be any set and C be a real-valued function on
t,s∈I a t a s C(t, s) ≥ 0 for all finite subsets I of D and {a s , s ∈ I} ⊂ R. Let C be a real-valued covariance function on D × D. Then according to the following theorem due to Aronszajn [1] , there exists a unique Hilbert space K(C) of functions on D satisfying the conditions in the following theorem.
Theorem 3.1. Let D be any separable metric space and C be a real-valued covariance function on D × D. Then there exists a unique Hilbert space K(C) of real-valued functions on D, with the inner product denoted by ·, · K(C) such that
(1) C(t, ·) ∈ K(C), for each t ∈ D, (2) f (·), C(t, ·) K(C) = f (t), for each t ∈ D and f ∈ K(C).
The space K(C) in Theorem 3.1, is called the reproducing kernel Hilbert space (RKHS) of C. Indeed, K(C) is defined as the closure of the linear span of the functions {C(t, ·) | t ∈ D} with respect to the inner product C(t, ·), C(s, ·) K(C) = C(t, s). It is well known that if C is continuous on D × D, then K(C) is a separable Hilbert space.

Proposition 3.2. Let D = [0, T ] and C(t, s) = min{b(t), b(s)}, s, t ∈ [0, T ]. Let C b [0, T ] be the Hilbert space given by
equipped with the inner product defined by 
Proof. We first note that for all s, t
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For any f ∈ C b [0, T ] and for each t ∈ [0, T ], we have
Hence by Theorem 3.1,
Then we see that f, 
Proof. We first note that each e ξ is an element of
for all ξ ∈ H(X). Hence we have
By using the Stone-Weierstrass Theorem, one can show that the set {e
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Proof. We first note that for F ∈ L p (X) and G ∈ L q (X) with 
since all three terms on the right-hand side above go to zero as t goes to zero. It then follows that
But this implies that F · G ∈ D 1 (X), and hence by Theorem 4.3,
Therefore, we conclude that
and the theorem is proved.
